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Abstract. We determine the base space of the Kuranishi family of some complete 
intersection in the product of an abelian variety and a projective space. As a conse- 
quence we obtain new examples of obstructed irregular surfaces with ample canonical 
bundle and maximal Albanese dimension. 
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Introduction 

Define an equivalence relation on analytic singularities generated by: if (X,p) — ► (Y, q) 
is a smooth morphism, then (X,p) ~ (Y,o)- We call the equivalence classes singularity 
types. It is easy to prove that every analytic singularity is determined, up to isomor- 
phism, by its singularity type and the dimension of its Zariski tangent space. 
For every complex manifold X we denote by T)ef(X) the deformation space of X, i.e. 
the base space of its semiuniversal deformation. Thus Def(X) is determined by its sin- 
gularity type and by the dimension of the cohomology group H 1 ^, Tx)- 
In the paper |35j . Ravi Vakil shows that the moduli space of regular surfaces satisfies 
the "Murphy's law". More precisely he proves that every singularity type defined over 
Z is obtained as deformation space of a regular surface. The methods used there fail 
when applied to varieties X with H l {Ox) 7^ 0; on the other side there exist in literature 
several examples of obstructed surfaces either admitting irrational pencils ( , |23| ) or 
containing nodal curves @], 

The aim of this paper is to extend some of the technical tools used in [SSI to irregular 
surfaces; as a by-product we obtain some new easy examples of obstructed irregular 
surfaces. 

Example. Let A be an abelian surface and S a smooth surface of general type con- 
tained in A x P 1 . Then Def(S) has the same singularity type of the affine cone over the 
Segre variety P 2 x P 1 C P 5 (Example ESJ) . 

The same ideas can be used to understand the deformation type of certain complete 
intersections in A x P ni x • • • x P nfc . For example we prove (Theorem I7.6|) : 

Theorem A. Let A be an abelian variety of dimension q, let D be a sufficiently ample 
divisor on A x P n_1 and S C A x P n_1 the intersection of m generic hypersurfaces 
homologically equivalent to D. 

7/0 < m < q + n — 3, thenDei(S) has the same singularity type of the commuting variety 
C(q,sl(n,C)) = {(A 1 , ... , A q ) G sl(n,C)® 9 | A t Aj = AjAi for every i,j}. 
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Since two matrices in sl(2, C) commute if and only if they are linearly dependent, the 
commuting variety C(q,sl(2, C)) is isomorphic to the affine cone over the Segre variety 
p9 -i xP 2 c p3g-i_ By a c i assica i resu i t ([Xi] ) jgjjj) the commuting variety C(2,s((n, C)) is 
irreducible for every n, while C(q,sl(n, C)) is reducible for every pair of positive integers 
(q,n) such that the product (q — 3)(n — 3) is sufficiently large (Lemma 13. 

The proof of Theorem A is divided in two parts. In the first we study deformations 
of products of Kahler manifolds (hence the name of this paper) using the theory of 
differential graded Lie algebras. The main results is the Formality Theorem 14.31 which 
implies in particular that, under suitable cohomological condition on X, Y, the defor- 
mation space of X x Y is completely determined by the primary obstruction map of 
Kodaira and Spencer [2*2] . 

The second part is essentially a works about stability and costability theorems; more 
precisely we prove analogs of Horikawa's theorems jl 51 1161 I17j in some cases where 
Horikawa's hypothesis are not completely satisfied. 

The author thanks Corrado De Concini for advices about commuting varieties and 
Edoardo Sernesi for useful comments on the first version of this paper. 

1. General notation and basic facts 

We work over the field C of complex numbers; every complex manifold is assumed 
compact and connected. 
For every complex manifold X we denote by: 

• Bx = ®iH l (X, Ox) the graded algebra of the cohomology of the structure sheaf 
of X, endowed with the cup product A. 

• For every holomorphic vector bundle £ on I let A x q {E) be the sheaf of dif- 
ferentiable (p,g)-forms of X with values in E and A x q (E) = T(X,A p x q (E)) the 
space of its global sections. 

• Tx the holomorphic tangent bundle of X. 

• Kx = A° x *(Tx) = ®iT(X, A° x (Tx)) the Kodaira-Spencer differential graded Lie 
algebra of X. 

• Def(X) the deformation space of X, i.e. the base space of the semiuniversal 
deformation of X. 

• Art the category of local artinian C-algebras. 

• If L is a differential graded Lie algebra (DGLA), we denote by 

„ „ Maurer-Cartan 

Def L = — : Art -> Set 

Gauge action 

the associated deformation functor (see > EH E2 for precise definition and 
properties). 

In this paper we shall need several times the following result (for a proof see e.g. 
Theorem 5.71 of HZ]). 

Theorem 1.1 (Schlessinger-Stasheff 34 J. Let L — > M be a morphism of differential 
graded Lie algebras. Assume that: 

(1) H°(L) -> H°(M) is surjective. 

(2) H 1 (L) -> H^M) is bijective. 

(3) H 2 (L) -> H 2 (M) is infective. 
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Then Def l — > Def m is an isomorphism. 

If X, Y are complex manifolds and E — > X, F — X vector bundles, we denote 
EMF = p*E ® q*F, where p: X xY ^ X and q: X xY ^Y are the projections. By 
Kiinneth formula we have 

H\X x Y, E H F) = H j (X, E) ® iT^Y, F). 

i 

2. Twisted deformations of complex manifolds 

Let's recall the construction of the germ Def(X) for a compact complex manifold X. 
The starting point is the Kodaira-Spencer differential graded Lie algebra 

K X = A° X *(T X ). 

Fix a hermitian metric on X and denote by d* : A x (T x ) — > (Tx) the formal adjoint 
of d. Then we consider suitable Sobolev completion (we may use the appendix of ^8; as 
instruction booklet) 

A X \T X ) C V 
such that the induced maps of Hilbert spaces 

d-.L^L 2 , d*:l}^L , [-,-]: L 1 ® L l -» L 2 . 
are defined and bounded. 

Then (see e.g. ^Hl) Def(X) is isomorphic to the germ at of the analytic subvariety of 
L 1 defined by the equations 

dx + - [x, x] = 0, d*x = 0. 

According to elliptic regularity, Hodge theory on compact manifolds and the results 
of |13j . the germ Def(X) is finite dimensional and well defined; in particular different 
choices of metric and Sobolev norms give isomorphic germs. 

Remark 2.1. If the Kodaira-Spencer algebra K x is formal, i.e. quasiisomorphic to its 
cohomology, then by ^2j, |13j . the space Def(X) is analytically isomorphic to the germ 
at of the nullcone of the quadratic map 

H\X,T X )^H 2 (X,T X ), 6 .-[0,0]- 

In general the Kodaira-Spencer DGLA is not formal. In fact, it is a consequence of jH] 
that, if X is the Iwasawa manifold then K XxP i is not formal; more generally Ravi Vakil 
proved [HE]) putting together the results of [2H] and |25J , that for every analytic singu- 
larity (U, 0) defined over Z there exists a complex surface S with very ample canonical 
bundle such that Def(S') = (U x C n ,0) for some integer n > 0. 

Choosing U = {(x,y) G C 2 | xy(x — y) = 0} and taking S as above, the DGLA K$ 
cannot be formal. 

Assume now that (B, A) is a finite dimensional graded algebra of non negative degrees, 
say B = ©j>o-B* and dime B < +oo. 

Taking the natural extensions of the operators d, d* and [ , ] on L ® B, 
d B (x <g> h) = dx ®6, d* B (x ® 6) = d*x ® 6, [s ® b, y ® c] B = (-l) &l '[x, y] ® (6 A c), 
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we may define an analytic germ 

Def (A, 5) = {x£ (L 1 © B°) © (L° © B 1 ) \ d* B x = 0, d B x + ^[x,x] B = 0}. 

According to US Thm's 3.9, 3.11] (see also 24, Thm. 4.7]), the germ Def (A, 5) is a 
hull (in the sense of |33| ) of the functor 

Def k x <s>b '■ Art — > Set 

and then its Zariski tangent space is isomorphic to (H l (Tx) © -B ) © (H°(Tx) © -B 1 ), 
while its obstruction space is contained in 

H 2 (K X ®B) = (H 2 (T X ) © £>°) © (tf^Tx) © B 1 ) © (if°(T x ) © B 2 ). 

Note moreover that if Kx is formal, then also K x © -B is formal. 

Assume now that B has a unit 1 and dim 73° = 1; if b±, . . . , b g is a basis of £? , then 
Def (A, £) is the set of pairs (x, £^ Hi ® &i) ei 1 ® (L° © -B 1 ) such that 

d*x = 0, + -fox] = 0, ^2(dyi + [x,yi]) © 6j = 0, y~][yi,Vj] © A = 0. 

The inclusion C = B° C B induces a closed embedding Def (A) C Def(X, B), while 
the projection B — > 5° induces an analytic retraction r: Def (A, 1?) — > Def (A). 
The fiber r _1 (0) is the germ at of 

^2 yi © h e L° © B 1 | % = 0, ^[yi, yj] ®b i Ab j = 

i i<j 

Since the kernel of d: L° — > L 1 is H°(T X ), the above set is equal to 

Vi ® b * 6 # © B 1 | ^[y i9 % ] © b, A 6 j = 0}. 

i i<j 

In particular, if the product A: /\ 2 B 1 — > i? 2 is injective, then r -1 (0) is isomorphic to 
the commuting variety 

C(q,H°(T x )) = {(yi, ...,%)€ H°(T X )®« | [ M ] = for every i, j}. 



3. Basic facts about commuting varieties 

Let L be a finite dimensional complex Lie algebra and q a positive integer. 
The affine scheme 

C(q,L) = {(ai, . . . ,a 9 ) £ L® 9 | [a*, a,] = for every i,j}. 

is called the q-th commuting variety of L. Clearly C(q,L © M) = C(q,L) x C(</,M); 
while if p < q, then the projection on the first factors C(q,L) — > C(p,L) is surjective; 
in particular if C(q,L) is irreducible, then also C(p,L) is irreducible. 

The structure of the varieties C(q,L) has been studied by several people. The case 
L = sl(n,C) = JET (Tpn-i) has been studied in Gerstenhaber he proved in particu- 
lar that C(2,sl(n, C)) is irreducible for every n (this fact was also proved independently 
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by Motzkin and Taussky 30 ). It is a well known open (and hard) problem to deter- 
mine whether C(2,sl(n,C)) (defined by the ideal generated by brackets) is a reduced 
scheme. Moreover, according to Richardson jS2j, the variety C(2,L) is irreducible for 
every reductive Lie algebra L. 

Lemma 3.1. If the commuting variety C(q,5l(n,C)) is irreducible then 

Q 8n - 12 

<?<3 + 7 nY?i for n even, 

[n — iy 

q < 3 H , for n odd. 

n — 3 

Proof. This proof is based on the ideas of ^Sl- Assume n > 4, C(q,sl(n)) irreducible 
and consider the projection on the first factor 

tt: C(q,sl(n,C)) -> C(l,sl(n,C)) = s((n,C). 

Let D G s((n, C) be a diagonal matrix with distinct eigenvalues, then every matrix 
commuting with D must be diagonal. Therefore the fiber tt~ 1 (D) is irreducible of di- 
mension (n — l)(q — 1) and the dimension of C(q,sl(n,C)) is less than or equal to 
n 2 - 1 + {n - l)(q - 1). 

On the other hand, let r be the integral part of n/2 and let N C s((n, C) be the closed 
subset of matrices A such that A 2 = 0. It is easy to see that N is irreducible of dimension 
2r(n — r) and therefore, for the generic A € N, we have 

dim7r -1 (A) < n 2 - 1 - 2r(n - r) + (n - l)(q - 1). 

After a possible change of basis, every A £ N belongs to the space 

H = {(hij) £ sl(n, C) | hij ^ only if i > r, j < r}. 

Then H is an abelian subalgebra of sl(n, C) and therefore {^4} x ff® 1 ? -1 c 7r _1 (A). In 
particular 

r(n - r)(q - 1) = dimff® 9-1 < n 2 - 1 + (n - l)(q - 1) - 2r(n - r). 
A straightforward computation gives the inequalities of the lemma. □ 

Remark 3.2. If 9\(Z q , PGL(n, C)) is the space of representations p: 7L q — > PGL(n,C), 
then the exponential gives an isomorphism between the germ at of the commuting vari- 
ety C(q,sl(n, C)) and a neigbourhood of the trivial representation in fH(Z 9 , PGL(n, C)). 



4. Deformations of products 

Let X, Y be two compact complex manifolds and denote by 

X -> Def(X), y -» Def(y) 

their semiuniversal deformations. The product X x 3^ — > Def(X) x Def(y) is a defor- 
mation of X x Y and therefore induces a morphism of analytic germs 

a: Def(X) x Def(F) -» Def(X x F). 

Lemma 4.1. T/ie morphism a is a closed embedding; it is an isomorphism if and only 
ifH°(T x )®H 1 (OY) = H 1 (Ox)®H (T Y ) = 0. 
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Proof. By Kiinneth formula 

H\T XxY ) - H\T X ) © H\T Y ) © (H°(T X ) © H\O y )) © (H\O x ) ® ff°(Ty)). 

A morphism of analytic germs is a closed embedding if and only if it is injective on 
Zariski tangent spaces and the differential of a is equal to the natural embedding 

H l {T x )@H\T Y ) -+H\T X xy). 

The obstruction map associated to a is 

H 2 (T X ) © H 2 (T Y ) -» H 2 (T XxY ) 

and, again by Kiinneth formula, it is injective. Therefore, if H°(T X ) ff 1 (Oy) = 
H 1 (Ox)®H°(Ty) = 0, then the differential of a is bijective and a is an isomorphism. □ 

The condition H° \T X ) ® H 1 (O y ) = H l (O x ) © H°(T Y ) = is satisfied in most cases; 
for instance, a theorem of Matsumura implies that H°(T X ) = for every compact 
manifold of general type X. 

If H°(T Y ) y^z 0, then it is easy to describe deformations of X x Y that are 

not a product. Assume for simplicity X Kahler, then b\{X) ^ and there exists at 
least one surjective homomorphism tti(X)— — >Z. On the other hand, since H°(T Y ) ^ 0, 
there exists at least a nontrivial one parameter subgroup {9 t } C Aut(Y), t € C, of 
holomorphic automorphisms of Y . 
Therefore we get a family of representations 

p t : TTipQ - Aut(y), pt( 7 ) = t 9(7) , i G C 
inducing a family of locally trivial analytic Y-bundles over X. 

Moreover, Kodaira and Spencer '2Sl proved that projective spaces P n and complex tori 
(C 9 /r) have unobstructed deformations, while the product (C 9 /r) x P ra has obstructed 
deformations for every q > 2 and every n > 1 22 , page 436]. This was the first example 
of obstructed manifold; the same example is discussed, with a different approach, also 
in 0. 

Lemma 4.2. For every pair of compact Kahler manifolds X, Y there exists an injective 
quasi-isomorphism of differential graded Lie algebras 

(B x <g> K Y ) (B Y K x ) -> K XxY . 

Proof. Assume X, Y compact complex manifolds and denote by 

p: X xY ^ X, q: X xY ->Y 

the projections. Since T XxY is the direct sum of p*T x = T x M O y and q*T Y = O x M T Y 
we have 

H\X x Y,T XxY ) = H\X x Y,p*T x )@H\X x Y, q*T Y ) 
and, by Kiinneth formula 

H l (X x Y,p*T x ) = ®W{T X ) W-i{<D Y ) =®H j (T x ) B l ~\ 

j 3 

H\X x Y, q*T Y ) = © H j {O x ) H l - j (T Y ) = ®B j x ® W~ j {T Y ). 
j j 

The isomorphism T XxY = p*T x © q*T Y allows to define two injective morphisms of 

differential graded Lie algebras 

p*\ Kx -> KxxY, q*:K Y ^K XxY . 
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We note that p* is injective in cohomology and the image of H l (Tx) is the subspace 
WiTx) <8> H°(Oy) C H { (X X Y,p*T x ); similarly for the morphism q*. 
Denote by £l x the graded algebra of antiholomorphic differential forms on X, endowed 
with the wedge product. More precisely £l x = ©^x where 

Tt x = ker(<9: T(X,Af) - T(X,A X 1 )). 

If X is compact Kahler, then the natural maps 

^ ^ ker d 

Q, x fl ker d — > D, x , £l x D ker d — > B x = 

I rt i () 

are both isomorphisms (see e.g. (7j) and therefore there exists an isomorphism of graded 
algebras Q* x = B x independent from the Kahler metric. Denote also by the graded 
algebra of antiholomorphic differential forms on Y. 
We can define two morphisms 

h: % ®K X -> K XxY , h{(f)®rj) = q*{4>) Ap*(ry). 

k: Tl x ®Ky -> -ftTxxY, fc(V>® /*) =p*(tp) A?'(/i). 

It is straightforward to check that /i, fc are morphisms of differential graded Lie algebras 
and that the image of h commutes with the image of k. This implies that the map 

h@k: (Tf x © Ky) © (TL* Y ® K x ) ^ K XxY 

is a morphism of differential graded Lie algebras. If X and Y are both Kahler manifolds, 
then according to Kunneth formula the morphism h © k is a quasiisomorphism. □ 

Theorem 4.3. Let X, Y be compact Kahler manifolds. Then there exists an isomor- 
phism of germs 

Defpf x Y) ~ Def(X,S y ) x Def(y,5 x ). 

Moreover if K x and Ky are formal differential graded Lie algebras, then also K XxY is 
formal. 

Proof. By Artin's theorem on solutions of analytic equations 1 j, it is sufficient to show 
that there exists a formal isomorphism. 

The germ Def(X x Y) is a hull of the functor Deijc XxY , while the germ Def(X, By) x 
Def (Y,Bx) is a hull of the functor DefK x ®B Y x Defxy(g>B x - 

By Lemma 14.21 there exists a quasiisomorphism {B x © Ky) © {By © K x ) — > i^xxy an d 
we can apply Theorem ll.il □ 

Corollary 4.4. Lei C^/r &e a complex torus of dimension q and let Y be a compact 
Kahler manifold such that H 1 (Oy) = H 1 (T Y ) = 0. Then 

Def(C«/T x Y) ~ C 2 x C(q,H°(T Y )). 

Moreover, if q > 1 i/ien i/ie following three conditions are equivalent: 

(1) Def(C 9 /r x y) is smarffc. 

(2) There exists the universal deformations ofC g /T x Y. 

(3) TTte Lie algebra H°(Y,T Y ) is abelian. 
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Proof. The first part and the equivalence [1 44> 3] are immediate consequences of Theo- 
rem Ell We only prove the equivalence of conditions 2 and 3. 

Let z\, . . . , z q be linear coordinates on C q . Denoting by C q = {dzj, . . . , dz~q~} the space 

of invariant (0, l)-form on the torus, there exists an isomorphism f\ C q = -Bc^/r- 
Similarly the inclusion 

/\Ct V ®H°(T cg/r )^K cq/r 
is a quasiisomorphism of differential graded Lie algebras and then the inclusion 

Q : = /\0 V <g> {H°(T Cq/r ) H°(T Y )) K c 

i/TxY 

is bijective in H°, H l and injective in H 2 . 

In particular the functor Defg is isomorphic to the functors of deformations of C q /Y x Y . 
Since Q has trivial differential, the functor Defg is prorepresentable if and only if the 
gauge action is trivial or, equivalently, if and only if [(J , (J 1 ] = 0. It is straightforward 
to check that [Q°, Q 1 } = if and only if H°(T Y ) is abelian. □ 



5. Deformations of C q /T x P n 

Let C q /T be a complex torus of dimension q and zi, ■ ■ ■ , z q linear coordinates on C q . 
For later use and notational purposes, we reprove the first part of Corollary 14.41 when Y 
is the projective space P ra . In this case, according to Kiinneth formula, the inclusion 

(1) Q := /\C« V ® (H°(T Cg/r ) ff°(Tpn)) — K CQ/rxpn 

is a quasiisomorphism of differential graded Lie algebras. 

Corollary 5.1. The deformation space Def(C IJ /r x P n ) is analytically isomorphic to 
the germ at of <C q x C(q,5l(n+ 1)). In particular it is singular for every n > 1, q > 2 
and it is reducible for every n > 3 and q > 3 + 8/(n — 2). 

Proof. Observe that H°(Tpn) ~ s((n + 1) and apply the previous results. □ 

Our next goal is to prove a similar result for deformations of polarized varieties. More 
precisely we assume that C q /T is an abelian variety, we fix an ample line bundle L on 
C q /T x P ra and we consider deformations of the pair (C q /T x P n , L). 

We recall that an Appell-Humbert (A.-H.) data on a complex torus C 9 /r is a pair 
(a,H), where H is a hermitian form on C ra such that its imaginary part E is integral 
on r x r and 

a: r->U(l), a(7i+72) =a(7i)a( 7 2)(-l) jB(7l ' 72) . 
Denote by L(a,H) the line bundle on C q /Y with factor of automorphy [211 pag. 4] 

A^z) = a(7) e ^( 2 ^ +H ^V 2 ) 5 7 € r, z£ C 9 . 

It is well known that every line bundle on C 9 /r is isomorphic to L(a, H) for a unique 
Appell-Humbert data (a,H); moreover the first Chern class of L(a,H) is equal to the 
invariant (1, 1) form corresponding to E |21| Lemma 3.5]. In particular two line bundles 
L(ct\, Hi) , L(at2, H2) have the same Chern class if and only if Hi = Hi- 
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The same proof of the Appell-Humbert theorem given in PJ , with minor and straight- 
forward modifications, shows that every line bundle on C g /V x P ra is isomorphic to 

L{a,H,d) := L{a,H)MO{d) 

for some A.-H. data (a, H) and some integer d. 

Denote for simplicity X = C q /F x P n . The Atiyah extension of a line bundle L(a, H, d) 
is the short exact sequence 

— >O x — >V(L(a, H, d))^T x — >0, 

where T>(L(a, H, d)) is the sheaf of first order differential operator on L(a, H, d) and a 
is the principal symbol. The induced morphism in cohomology 

H\T X ) = H x (T cq/T ) <g> H (O ¥ u) e fl'fOp/r) ® H (T Fn )^H 2 (O x ) 

is equal to the contraction with the first Chern class of the line bundle L(a,H,d) (PJ). 

Lemma 5.2. Let c\ be the first Chern class of the line bundle L(a,H,d) on X = 
C 9 /r x P n and assume that det(if) ^ 0. Then jc^ff^P/r) ® H°(Tr»)) = and 

H\T cq/T ) ® H°(O pn )^H 2 (O x ) 

is surjective; in particular H 2 (T>(L(a, H, d))) — >H 2 (Tx) is injective. 

Proof. The first part is clear since jc^JJ^Oc/r) ®fl°(Tpn)) C H 1 (p Cq/v )®H 1 (0 T n). 
The map 

H\T cq/T ) ® H°(0 ¥ n)^H 2 (O x ) = H 2 (O cq/r ) ® H (O^) 
can be written as jci = e ® Id, where Id is the identity on if°(0pn) and 

e: H (T C q/ r ) —> H 2 (O cq / r ) 
is the contraction with the first Chern class of L(a,H). 

The elements of H 2 (Oc q /r) are represented by invariant (0,2)-forms; more precisely, if 
Z\ , . . . , Zq are linear coordinates on C q , then a basis of H 2 (Oc q /r) is given by the forms 
ctzj A dzj, for i < j. Similarly a basis of i? 1 (Tc?/r) is given by the invariant tensors 
d 

dzi ® , for i,j = l,...,q. 
dzj 

The first Chern class of L(a,H) is given by the invariant form ^2h rs dz r A dz s , ,with 
(h rs ) a scalar multiple of H, and 

e f (fzj ® — — ] = dzj ® — — j h rs dz r A <i2 s = hj s dzi A 
V OZj j OZj z — ' z — ' 

Therefore the surjectivity of the matrix (h rs ) implies the surjectivity of e. □ 

Theorem 5.3. Let L be a line bundle on X = C q /T x P n and denote by Def (X, L) the 
deformation space of the pair (X, L) . 

(1) If L G Pic°(X), then the natural morphism Def(A", L) — > Def(A) is smooth of 
relative dimension q. 

(2) If L is ample then there exists a smooth morphism of analytic germs 

Def(A, L) -» C(q,sl{n + 1,C)). 
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Proof. The first part is a general result which is true for every Kahler manifold X. In 
fact by Deligne's theorem j6 j, for every deformation X — > 5pec(yl) of X, with A a local 
Noetherian ring, the group ^(Ox) is a free ^4-module of rank h l {Ox) and then there 
are no obstructions to extend a topologically trivial line bundles over any deformation 
of X. 

Assume now that L is ample; then L = L(a, H, d) for some d > and H positive definite. 
Consider the Dolbeault resolution of the Atiyah extension of L 

0— ^ — >A X * (V(L)) ^A x * (T X ) — ►(). 

The differential graded Lie algebra A x * (T>(L)) governs the deformations of the pair 
(X,L) (see 0). 

Denoting by P the fiber product of a and the injective quasiisomorphism Q — > A x *(Tx) 
of Equation (JTJ), we have a commutative diagram 

— ► A x* — ► P — ► Q — > 

II * 
— > — > ^*(T X ) — , 

with exact rows and vertical quasiisomorphisms. In particular, according to Theorem 
11,11 the functor Defp is isomorphic to the functor of deformations of the pair (X,L). 
The subspace I = A 1 ® iJ°(T cq/r ) C Q 1 is an ideal of the DGLA Q; denote by R = 

Q/I the corresponding quotient DGLA. Since R 1 = A Ci (8) F°(T P n), the commuting 
variety C(g, s[(n + l, C)) is exactly the deformation space of the functor Def/j. Therefore 
it is sufficient to prove that the morphism P — » R is surjective on ff 1 and injective on 
H 2 ; this follows easily from Lemma 15.21 □ 



6. Natural deformations of complete intersections 

Let X be a smooth complex manifold of dimension n and let D\, . . . , D m be smooth 
divisors with < m < n — 2. Assume that D±, . . . , D m intersect transversally on a 
smooth subvariety S of codimension m. 

The natural deformations of S are the deformations obtained by deforming X and the 
divisors D{. More precisely, let Defx-D 1( ... D m : Art — > Set be the functor of infinites- 

o 

imal deformations of the holomorphic map U Di — > X. Equivalently every element of 
Defx ; D 1 ,...,D m (^4) is the data of a deformation X — > Spec(A) of AT and deformations 
T>i C X of the smooth hypersurfaces Since rijPj is a deformation of 5 over Spec(A), 
it is well defined a natural transformation 

Nat: Be£x;D u ...,D m -> Def s . 
The (infinitesimal) natural deformations of S are the ones lying in the image of Nat. 

The aim of this section is to give a sufficient condition for the completeness of the 
natural deformations of S. Since S is complete intersection, the ideal sheaf Is C Ox 
admits the Koszul resolution 

m 

o— ►0x(-y;A)— ► ► e.O x (-A ffiOxC- A)— tfs—>0. 
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Denote by Tx(— \ogD) C Tx the subsheaf of vector fields which are tangent to Di for 
every i, and by N D .\x — @Di(Di) the normal bundle of Di in X. There exists a short 
exact double sequence: 












r x (-iogD) 





T x 
T x ®O s 








asN D . 



X 



N 



s\x 







Theorem 6.1. For every A C {1, . . . , m} denote by Da = X]jgA-^*- Assume that 

(1) H^ +1 (T X (-D A )) = for every A^$. 

(2) H\ A \(Ox{D% ~ Da)) = for every i = l,...,m and every A ^ {i},0. 
Then the natural transformation Nat: Def x-,D 1} ... D m Def^ is smooth. 

Proof. Considering the cohomology of the tensor product of Tx with the Koszul resolu- 
tion of 2s, we get immediately that the first condition implies that H 2 (Tx <S>2s) = 0. 
Let i be fixed; assume that A ^ and i £ A, then from the exact sequence 

>O x (D l - D Au{l} )^Ox(Di - D A )^0 Di {Di - D A )- 



0- 



>0 



D AU {i})- 

we get H^(ODi(Di — Da)) = 0. Considering the cohomology of the tensor product of 
Ooi(Di) with the Koszul resolution of the ideal of S in Di we get that H l (TsN Di \ x ) = 0. 
Therefore H 2 (C) = and the morphism a: Tx(-logD) — > Ts is surjective in H 1 and 
injective in H 2 . 

By general results of deformation theory (see e.g. |31| ) tangent and obstruction spaces 
of the functor Defx ; Di,...,D m are H 1 (Tx (— log D)) and H 2 (Tx {— log D)) respectively. 
Therefore Nat is surjective on tangent spaces, injective on obstruction spaces and there- 
fore it is smooth. □ 



Remark 6.2. For m 
costability theorem. 



1 the Theorem 16.11 reduces to a particular case of Horikawa's 



7. Some new example of obstructed irregular surfaces 

In order to apply Theorem l6.1l to the variety X = C 9 /TxP n we need the determination 
of cohomology groups of the line bundles L(a,H,d). Notice that Kx = £(0,0, — n — 1) 
and 

L(ai,Hx,di) ® L(a 2 , H 2 ,d 2 ) = L(aia 2 ,Hi + H 2 ,di + d 2 ). 

Lemma 7.1. Let X = C q /T x P n , then 

(1) J/a^l then £P(L(a,0,d)) = for every i,d€Z. 

(2) If H is positive definite and d > —n, then H l (L(a, H,d)) = for every i > 0. 
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(3) If H is negative definite andd < —2, then H l (L(a, H, d)) = H l (Tx'SiL(a, H,d)) = 
for every i < q + n — 2. 

(4) If H is negative definite and d < -n-2, then H q+n ~ x {Tx <8> L(a,H,d)) = 0. 

Proof. The determination of the cohomology of line bundles on C q /T |21| Th. 3.9] gives 
that: 

• If a 1 then H v (L{pt, 0)) = for every i,. 

• If is negative definite, then H r (L(a, H)) = for every i < q. 

By Kiinneth formula we get item (1). Assume now that H is negative definite; then by 
Kiinneth formula we get H l (L(a, H, d)) = for every a, every d < and every i < q + n; 
Serre duality implies (2). 

The bundle Tx <S> L(a,H,d) is the direct sum of L(a,H) Kl Tpn(d) and q copies of 
L(a, H, d). Since H l (Tpn (df) = for every d < —2 and every i < n — 2 we get item (3). 
If d < -n - 2 then H n - l (T^.(d)) = and this implies item (4). □ 

Definition 7.2. Let D be a divisor of a section of the line bundle L(a, H, d). We shall 
call the pair (H, d) the homology type of D. 

The above definition is justified since the Poincare dual of D is the sum of d times 
the hyperplane class on P n and the class represented by the imaginary part of H. 

Proposition 7.3. Assume q,n,d> 2 and q + n + d > 7. Let S be a smooth ample hyper- 
surface o/C 9 /rxP n_1 of homology type (H,d). Then every deformation of S is projective 
and Def(5) has the same singularity type of the commuting variety C(q,sl(n,C)). 

Proof. The hypersurface S is the zero locus of a section s of a line bundle L = L(a, H, d) 
for some semi-character a. Since S is ample the hermitian form H is positive definite 
and then, according to Theorem 15.31 there exists a smooth morphism 

Def(X,L) -> C(q,sl(n,C))- 

Since H l (L) = 0, the section s extends to every deformation of the pair (X, L) and 
then the natural morphism Def(X, S) — > Def(X, L) is smooth. The ampleness of S also 
implies that every deformation of the pair (X, S) is projective. 

On the other hand, by Lemma 17.11 H 2 (Ty(—S)) = and then by Theorem 16.11 the 
morphism Def(X, S) — > Def(S') is smooth. □ 

Remark 7.4. The fact that obstructions to smoothness of ~Dei(X,S) — > Def(X, L) are 
contained in H l (L) is well known and easy to prove directly. However, it is interesting 
to see this fact also as a consequence of the exact sequence 

- T x {-\ogS)^V{L)^L - 0, 

a(x) = X ~ s~ 1 x(s), I3{<P) = 4>{s). 
Notice that a is a morphism of sheaves of Lie algebras. 

Example 7.5. Let A be an abelian surface and S a smooth surface of general type 
contained in A x P 1 . Then O(S) = L(a,H,d) for some H positive definite and d > 3; 
according to Proposition 17.31 Def (S) has the singularity type of C(2,st(2, C)). Since two 
matrices in s((2,C) commute if and only if they are linearly dependent, the commuting 
variety C(2,sl(2,C)) is equal to determinantal variety of matrices 2 x 3 of rank < 1. 
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Theorem 7.6. Let S be a smooth complete intersection ofm = q + n — 3 smooth divisors 
D 1 ,...,D m of X = C q /T x P"" 1 . Assume that O(A) = L(a i: H, d) with H is positive 
definite, d > 2, d{q + n — 3) > n + 1 and cti ^ ctj for every % ^ j. 

Then every deformation of S is projective and Def(S') has the same singularity type of 
the commuting variety C(q,sl(n,C)). 

In particular, if q,n > 2 then S is obstructed and Def(S') is reducible for n > 4 and 
g>3 + 8/(n-3). 

Proof. By adjunction formula the surface S has ample canonical bundle and then every 
deformation of S is projective. 

By Lemma 17.11 and Theorem 16. II the morphism Nat: Def(X; D\, . . . ,D m ) — > Def(S') is 
smooth. According to Theorem 15.31 there exists a smooth morphism 

Def(X,L(ai,H,d)) -> C(q,sl{n, C)). 

Therefore it is sufficient to prove that that the morphism 

Def (X; D u ...,D m )^ Def (X; 0(D 1 )) 

is smooth. First of all, since H 1 (Di) = for every i the morphism 

Def(X; D u . . . , D m ) - Def(X; 0(D 1 ), 0(D m )) 

is smooth. On the other side, since 0(Di - Dj) G Pic°(X), by Theorem EH also the 
morphism 

Def (X; 0(D X ), . . . , 0{D rn )) -» Def (X; 0{D 1 )) 
is smooth. □ 
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